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*BSThICT

From the viewpoint of ~i1n1~~ n-detectable-signal or radar-maximum-
range theor y, the number of pulses receiv ed from a targe t during one scan
of the radar antenna is an important quantity . This has um~al]y been
arbitrari ly taken to be the number occurring between half-power points of
the beam. £ mathe matical ana lysis of the •integration ’ effect for the
train of pulses of var~’ing amplitude received when the antenna beam shape
is Gaussian shows that on4tmum results are obtained when the integrat ion
is performed over an angle equal to about 0. 8I~ times the half-power (cu e—way)
beamwidth. The signal-to-noise ratio obtained by this integration is
equiva].nt to that of a rectangular—shaped beam of O.1~7 t imes the half—power
width of a Gaussian-shaped beam. Thus the number of pulses received i.
O.1j7 times the number usually assumed. This corresponds to a reduction
in calculated system sensitivity of about 1.6 db.

PRÔBLEM STATUS

The work described in thi s r~~ort is an independent par t of
a lerger, more general probLem. The parent problem ii a ocutinwing
one on itich additional wor k id.ll be dorm as new ideas or specific re-
quiraeenta arise.
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THE ~ 7~~ IVZ NUMBM ~F PUL~~ P~~ 11RWIDTB

. F~1ASCANNING RATh$R

IN~~0DUCTI0N

When a scanning radar of beamvidth f i,  angular scannir~ speed a~,and pulse repetition frequency F scans past a point target, it is
customary to assume that a train of n pulses is received fran the
target, and that n This assumpt ion is bas ed on idealtia tion
of the antenna beam patte rn -- that is, it is assumed that the beam
has uniform gain over an angle ~6 , and zero gain elsewhere. In the
real case , the gain is variable and a reasonable representation ~the variation is the Gaussian or ‘err or ’ function. The beamvidth
is defined as the width of this f unction between half—power points, or• 0.707 voltage points . (If the power patte rn is assumed to be Gaussian,
then the voltage pattern is also of Gaussian form, the only change

— being in the coefficient of the exponent .)

The assumed ~nwnber of pulses’ figures in the calculation of
system sensitivity and range of detection —— specifical ly, it affects
the calculation of the minimum detectable signal level, because of the
effect of integ ration .1 ~~iefly this means that the ‘received signal’
consists of the net .ff. ~t of the train of pulses. The net effect is
analyzed in terms of the signa l-to—noise ra tio for the n integrated pulses
as compared w ith observation of a single pulse. In general the resultant
signal-to—noise ratio increa ses with number of uniform-amplitude pulses
integrated (though not necessari ly linear ly). It is important to know
what number of pulses to use in computing the effective signal—to—noise
ratio for the train of pulses received as an antenna scans past a target.

The procedur e of taldng the number between half-power points of the
beamwidth ie obviously an arbitrary one. Pulses of reduced amplitude are
received far out fran the beam center , the amplitude varying with angle,
9, according to some function which is here assumed to be of the form

• e k~~. Tb. two questions to be answered are : (1) how many of these
pulses are actua lly integ rat ed -- i.e., how far out on the edges of the
beam do the pulses actual ly contribute to the ‘ei~~~1’ observed by the
radar operat or ; (2) what is the signal-to—noise ratio resulting from

-

• 
1 If thi s is not a familiar concept, an excellent discussion of it may
be found in Volume I of the M.I.T. Radiation laboratory Series , ‘Radar ~

‘

System Engineering,’ pp hi—?, Section 2.11 (‘Effect of Storage on Radar
Performance’).
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this integration of many pulses of different amplitudes , and what ‘rectan-
gular’-ehaped beaaiidth would give this same signal-to-noise ratio after
integration? If these questions were answered, it would then be possible,
for aini~me~detecta b]a~aignal and maximum—range computations , to take as
the equiva lent number of fuU- plitude pulses integrated, n, the number
ocour ring in this equiva lent rectangular bearsiidth.

~ flE*RT C!’ R~~ULTS

On the basia of some reasonable assumptions concerning the nature
of the integration process, it has been found possible to deduce such
an equivalence. The re sult obtained is that the equivalent rectangular
bea iidth is 0.1473 t imes tkm half-power width of a Gaussian-shaped
beam . Hence the equiva lent number of full-amplitude pulses integrated
is 0.1473 times the number usually assumed. On the basis that minimum
detectable signal power varies inver sely as the square root of the
nmnb~r of pulses integrated , the system sensitivity computed on this
new basis compared with the forme r ass~~ ,tion (as to nUmber of pulses
integrated ) is mealier by the factor v.473 a 0.69 (equivalent power
ratio). This is about 1.6 db. Thus a ‘correction’ for this eff ect
may be applied to computations of system sensitivity already made an
the previou s basis (a 1.6 db corre ction).

The answer obtained to the f4.rat of the two questions -- namely,
how far out from the beam center can the integration process be carried
profitably — is O.8I~ times the distance out to the half-power point.
What this means is that integration out to this point gives an in-• provement in signal-to-noise rat io greater than the improvement ob-
tained by integrating ever lesser or greater portions of the beam.
There is, in other i~ rda , an optimum ‘integration angle.’ The ex-
planation of this phenomenon in genera l terms is that in any tnt. -
gration process the noise as well as the signal is being integrated,
and the pro cess is profitable only so long a~ it favors the build-up
of signal compared to the build-up of noise .’ Inameuch as the signal
amplitude is getting smaller and mealier with angular distance from
the beam center , while th. noise is remaining constant in amplitude,
it is easy to see wby the integration process should not be carried
too far . On the other hand, it is probably also obvious that, near
th. beam center where the slaps of signal amplitude vs angle is small,
integration will be beneficial. Obviously then there is so vher s an
optimum stopping point, which our analysis has shown to be .8141i of the
distance from the beam center to the half-power point.

2 7or explanation of why the two bui ld up differ ent ly so as to favor the
signal when the pulses are of constant plitud . see the reference of

k 
footnote 1.
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In gccLng from this result to an 5equiva lent rectangular bemnwidth’
it is of co~~se assumed that the observer somehow has the ability to
integrate only over this optimum angle. Possibly thia is not too
rash an assumption. One can at least imagine than an observer aut o-
matica lly varies his ‘observation angle’ over a reasonable range, in
an attempt to detect signals, and that this range would includi the
optimum angle. It any rate , it is nØsesary to make the assumption
in order to make a mathematical analysis. Moreover, the result obtained
is, if not corre ct , on the cptimiati c aide, ms2n1~ng that the correction
factor may be greater than 1.6 db, but not less (insofar as this particular
poseibie source of error is concerned).

M&T~~1&TICLL FC~MUIATION AND SOlUTION OF THE PHOBW(

The one-way antenna volta ge gain pattern for an assu d Omiasiad’
beam shape ist

(1) G1(e) =

where 9 is angle measured with respe ct to the beam center, 9
~ 

1.~ the
coordinate of the half-power (.707 voltage) point , and the gain is
normalised to unity at mid-beam. (The ‘half-power beamwidth’ is 291).

For 2—way (radar ) propagati on this becomes
aa

(2) GZ(e)=GL (e) = e
The integration process we are concerned with occurs after de-

tection (demodulation). Since we ar e concer ned with small signals
in any discussion of minimum levels of discerni bility, the effect
of the detector on low-signal levels must be taken into account .
This is approximat.l~v a square-law effect (even for a so-called
linear detector), emd so the law of var iation of signals as a function
of position in the beam, as finally observed in the receiver output ,

• is

2 
_~,3,7(e,~)~

(3) ~~~~t~~): G~(e)~ e

The effect of the inte~~ation process is analysed in terms of
— its effect on signal—to—noise ratio. After detóction (demodulation),

* The representation of antenna beam shape by the Gaussian Ainot ion
is bs.sd on ~~~trics1 studie s of practical antenna beams . This repr es.nta-

£ ticu is t~pioa2ly valid over at least the ran ge of beam arc of interest
base.
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the measure of signal—to—noise voltage ratio may be taken to be3

(1j) R=  
E~~~~~ — E ,4

where is the aver age value of signal-plus—noise , ! is the
average value of the noise in the absence ‘of a signal, and Cj  is the
root—mean-square deviation from the mean (standard deviation ) of, the
fluctuations of noise . In this expression we may call 

~~~~~~ E )the ‘signal.”

By an integ ration process it is meant t hat the effeot of successive
signals (and noise) is additive. It is a well known theorem of mathe-
matical probability theory that the average va Ins of the sum of a random
variables is equal to the sum of the average values. Hence for the
inteFation of a pulses all having the same average va lue the numerator
of (J ~) is multiplied by a. On the othe r hand, the standard deviation
of the sum of n random variables is equal to the square r oot of the
sum of the squares of the individual standard deviations . Hence for
the integration of n noise voltages the denominator of (h) is increas ed
by the square r oot of n. This leads to the well-known result that H is
increased by the square root of a; thi s is the improvement in video
signal—to—noise voltage ratio obta ined by video integration of n pulses
all having the same aver age value . Becaus e of the square-law relation
between small values of pre-detection and post—detection sign 4-,~o-noiae

• ~• ratios , the equival ent p1’s—detection improvement factor is a 4~ . This
• refers to voltage signal—to—noi se ratio. The .quivalen~ ,Rre—detection

signal—to—noise power ratio improvement is therefore a 4”. - This is the• form in which experimental wo rk confir ming this result has usually been
expressed.

When the integrated pulses are varying in a3 lib~de in accordan ce
with the beam pattern , the ‘signal” S ~ — is a variable,
following the Law of equation (3) . (It is the quantity S which varies
as the square of the ure-detection signal leval, for signals of the
order of the noise or smaller.) That is,

3(e) a S(o) -13t 7(°’6)

3 This concept of post—detection signal-to—noise ratio was proposed by
the writer in an appendix to NRL report R-31231 and subsequently also
in a book, “Threshold Signals,’ by lawson and Uhlenbeck (Mc~~sw-Hill,
19S0; pp. 161—163).

_ _ _  I - -
~~~~~~~~_



Designating 5(0) as S , and assuming a high “density’ of pu lses,
the result of integrating ~rcan an angle -~2 to +02 isz

• 
t-.a

kj ~~S.e de

• (6)

. R ~~~ -,~3I7(’%,)

where ~ ~ 4. Here k is the pulse density, in pulses per unit
angle. That is, if the pulse rat e is F and the scanning speed 0,
k : F/ø. The number of pulses integrated in the interval 

~~2 to 
~~~is of conrs e 2kg2.

(The assumption of high pulse density is necessary to justify
the use of an integral representation of the sum . In Appendix 1, however,
it is shown that this representation also gives valid results for low-
pulse-density cases. It rep resents, for such cases , the statistica l
average result , which is in fact the only generally meaningful and useful
result that could be obtained. )

Theref ore the improvement re lative to the mid-beam single—pulse
signal—to—noise ratio is

A ~~~~ ~

The object of this ana]yais is to discover, if possible , the va]~e
of 

~2 which results in a M574mum value of A. Mathematical ly this
corresponds to the condition

• 

dA
(8)

dO2

physical reaeoni* indicates that if a solution to (8) exists it
will correipond to a maximum value of A, and not a minimum, and that
there will be only one maximum.

ftan (7) we gst 1. 2.
• • 

d4’ 
~~ff ~~~~

’ _ ,.as?(05~,) ‘ .i ~~~ I - ‘ ~
(4

~~~
(9) —~y&~ ~, e

— • - -  ~~- - - — _S~~~~~~~
.- - - - f l ~~~~~~~~ f~~~~~~~~~~~ A~~~ d S ~~~~~~~~~~~~~~~ 
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and setting the right side equal to zero gives

(10) 24, e~~~~
’
~ = ‘[

•
~ 

_/M7(%1t~0
It wi ll be noted that the k has now chopped out , indicating

that the value of 
~2 giving maTtmflm & does not depend on k , alt hough

the assumption that k91 is large still applies.

The integ ral on the right is of the f ~ m of the well 1a~own err or
function which is tabul ated , and henc e a graphical soluti on to (10)
may be obtained. This yields -

(II)

as the optimum value.

The next step is to calculate the “equiva lent rectangu lar beam-
width. ’ For a rectangular beam, of width 

~~~~~~~~~~ 
the integ ration im-

pr ovement tac~or would be (~j7’ (the number 5f pulses integ rated
would be 2Aç .) We therefore write (from (7 ))

(12 ) ~ ),i~- f€ -I.3:r(4’
~
) de

Putting in the value 
~2 — O.81i9~ and solving for gives

24 . O.Z~73(29)as the equivalent rectangular beaniwidth. This repre-
sents a reductión of radar sensitivit y of 1.6 db compared to the
assumption of a rectangular beam of width 2e~.
FURTHER A1~A l1SIS OF I~ I-PtJI5E-DENSITT C*SE

As has been pointed out , the foregoing results app ly statistically
to low -pulse—density as well as high—pu lse—density cases. When the
analysis was fi rst made, it was suspected that this was the case , bit
the rigorous proof of the fact , given in Appendix £, was not made until
later . Therefore a detai led ana lysis of the law-pu lse—density case was• attempt ed. The results obtained may be of interest because they indi-
cate what . may be expected during any one scan of a low-pulse—dens ity

• radar .

For low pulse densities it is necessary to use summations . More—
over , it is necessary to assume some particu lar positioning of the
pulses within the beam. Actual ly all possible positions will occur .
Two possible ones which are symestrical were assumed , as indicated• in the following diagramsz

h ~~ —
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Case 1. Case 2.

Tha~ is, in Case 1, one of the pulses Is assume d to fall at the
exact beam center . If the angular spacing of the pulses is ~~~, then
the other pulses fall at 9 i~~~ t2~~t3f ... etc. In Case 2, there

• is no pulse at the center but the pulses are symmetrically positioned
!~?l~

4
~spect to the cent:r -- that is, they fall at 0— ± ‘P/21 , ±

The expressions corresponding to (7) for the se two cases are
Came l.

1 

(!j!)

( 3a) 
A 

_ _ _ _ _ _ _ _ _ _ _ _ _ _
/ =

Case 2.

‘Vi. 
• 

/ (2m-i)f 72
26 J

(]3b) ~p~rj

where n is the number of pu lses integrated.

Expressions of this kind cannot be differentiated w ith respect
to n unless the suimnations can somehow be put into closed form.
This does not appear to be directly possible , in term s of any known
functions . However , it is possible if the Gaussian function Is

• approx imated , over the ra nge of values of interest , by a second
degree parabo la. This requi re s a suitable choice of the coefficients

• 
a~,a2, a~:

(~~~ ) e = 4 %  ~~a2 X -i- a3

7



I

Choosing these coefficients by the method of least squaresb gives

— .28
a3 = 1

A comparison of This approximation with the actua l function is
shown in the curves of Fig~n’e 1.

5ubstitutii~ this approximation in (13a) g1~ es

(!1~9 (i’) ~~~~
) 7

(15) A i(n)=n~~[1*2Z1 2(~~~~~~~~~~~~~~~~~~~~ -2(~~~~~~ )2m~
/

The first two of these summations are readi ly evaluated , as
follows:

(!! jL) 

_(16) • 2.

(
~i~

)
(17) •m = (arithmetical prog ression)

• 1 8 2
This was done by expanding e •3 7x in the fi rst three terms of a series

of Isgendre polynomials, which can be shown to give a result satisfy ing the
‘least squares’ criterion . I am indebted to Mr. L.G. McCr acken for suggesting
this method . The va lue a3 ~ 1 may seem somewhat impr obable as a least-square-
fit value . It was obta ined by slide—ru le computation and is therefore not
exact , but a more accur ate computation was deemed unnecessary because of the
good re~u1ts obtained with these va lues of the coefficients.

8
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I I I I I I I

I 38711.0 - .
~~

-ç -  Fi (X )~e
-
— Fi)

.9,. F 2 (X )~ I— .28X — .54X 2 
-

.8 - -
F2 • -

.6 -  Fi 
-

.5 - -

.4 - -
Ii 

-

.2 2

.1~
0 

I I I I I I I

.10 I I I I I 1 I I I

I _ _ _ _ _ _

—.2 — .1 0 .1 .? .3 .4 .5 .6 .1 .8 .9 1.0 - •

F I C. I

- -  • •:~•~ _~_,•4~

L •~~~~ ~ • •~~~~~~~ —--~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --



__________________________ •

The third summation can be thown5 to be •

2. 7Z (?t~_ I )
(1.8) L... 1~t ~~~~ 

— —

Thus (15 ) can be expressed in completely closed form, giving,
for Case 1:

(19) 
~~~~~~~~

‘

~~

‘ 

~~~~~~~~~~~~~~~ [1 ÷.O4~5(~ )~
’n 4..07gj

Differentiating thjs with respect to n and sett ing the result
equal to zero gives

(20) ~~~~ o.q3c~~~)vi~~ [4.44(~ )
2

t- o.zj~’t ÷ 0.3” (v-) = o

A Similar pr ocess applie d to (13b) gives for Case 2:

(21) A2.(~t) -V~ {. o4.
~(* )~ 

3
_ . o7~~~)~n

2
* fi ~.o4s(*t~

’t~}

and as the relation for maximum

(22) ~z
+ 0~~3s(~~)l _(444(![4o.2j 0

This result was given to me by Mr. W.$. Alderson , who obtained it
• by application of a generating-function technique to a difference

equation. The general for m of his result is j . N (N1-IX2N+ 1)
• 

M.1 C

9
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By multiplying (20) through by n~~ a striking similarity to (22 )
is observed, which indicates that the optimum value of n for the two
cases is different only when the optimum value is small — i.e., when
the pulse density is quite low.

Equations (19) thro ugh (22 ) were app lied to a particular case
representing typical radar operation at low pulse density. The
values assumed were~ scanning speed (U) 200 degrees/second, bean—
width (29j :$ ) 3 degrees, and pulse rate (7) 300 per second. }Ience,q 

~~ = Za~~~: o.L41~1~. (These figures are reasonable practical value s
but so fai’ as is known they do not rep resent any actual ra dar system.
For Case 1 the optimum value found was n ~ 3 8 , and for Case 2 , n a 3.83.
(For Case 1 the solution of the cubi c equatio n (20) was obtai ned
graphically, and only two significant figures were considered justified.
For Case 2 equation (22) is of cours e quadr atic and the solution
was found to thre e significant figines. The two results are obviously
very near ]y the same.)

In Case 1, the actual number of pulses must be an odd integer ,
and thus woulxl be either n a 3 or n . 5. To determine which of these
values to take, /%,~ was calculated, from (19), as follows:

— 

n J 3 3.8 5
A1(n) 1. 7 1.50 ~~~

Thus n = 3 is the best va lue.

For Case 2 the number must be an even integer , which would
obviously be n Is. Substituting this value in (21) gives A2 • 1.1s9.
The consistency of all these results seems very good.

The expressions (19) thro ugh (22) obteined for low pulse density
are in no way restricted to low_ densi~~r cases , although ( 11) may give
a more accurate result in high-pulse—density cases because of the
approximation (]1~) used in obtai ning equations (19 ) through (22).
When high pulse densi ty is as Ruu*ed, for equation s (20) and (22) it

• is apparent that n)) 1, ~~/9~ (<1, and ?tf/01 is of the order of 1.
App lying these relations to 5oth (20) and (22) 80 as to dLscard terms
involving nP(~ /91)q where q ) p, both equations reduce to a foiin
involving the variable u =

(23) u2 + 0.935u - Ii~.Us • 0

for which the solut ion is u a 1.698

10
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In the symbols of equations (6) through (12) this searm s

(214) 
~2 0.8lj9Q1

Con~ aring this with (11) it is seen that the two resu lts are in very
good agreement. This indicates that the apprr~lmation (114) i~ a good

• one.

LCKN(Mt~Da1SNr

The need for a solution to this prob lem was pointed out to me
by Mr. t. A. Varela. I am also indebted to Mr. Varela for help~i1
discussions dwing my work on the probl em.

L. V. Blake
Bead, Radar System Section
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*PPENDIX A

This I~~eidiz is a proof that the integral solution of the problem
is valid not only for a dense-pulse case but also for low-pulse-density
cases. This proof was worked out by I~ . U. 8. £ldsraon.

SuWose that the total angular interval from - ~2 to .2  contains
(ii • 1) pulses separated by angular intervals of widt~ A0. Within the
ran~d - 02 to + 02 the set of n pulses may take an infinite number of
poeiticnings (that is, any ore of the pulses may have a position an~-
where within the interval 40). On any one scan of the radar a particu-
lar positioning will occur, ani a particular value of R will be ob-
served (see equations 14, 6, and 13). For purposes of computi ng radar
sensitivity or maximum range, the average value of R over a great many
observati ons (or scans) is required.

On any single scan, let the pulses occurring in the interval - 
~2 to+ Q 2 be rmabez’ed from -n/2 to +n 2. Let the angu].ar position of the j th

pulse be ~ j . Using notatio n si d.lar to that of equation 6, the plitnd.
of the j th signal pulse after detection may be denoted as 8(Xj ). Then
the integrated signal-to-noise ratio after detection, as given for a low-
pulse-density case by equation 13, will be

D •
Z S(~~)• 

- 
I’—  J

• where 0’ia the rae noise voltage.

This result holds ibr any particular positioning of the pulses.
The average aver all possible positioninge may be written

“4
__ — 

~~~~~~~~~~ S(a~)
!f ri÷[ 0

• If one interval Al J~ sub-divided into N sqpauy spaced sub-
intervals, so that the m~” sub-int.rtal of the j~I~ interval is

• located at. anguler position I~~, ma may writs

• 

•
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J~~~~~~~/t

Hence j~ S (e )  d o
R~~~ 

_~~~~~e~~~~~~~~~~~~~~

y
lisre corresponds to the “pulse dens ity,” k, in equation 6.

similarly the quantity (n+l) can be re-written as (2 k 92), giving

_ _ _ _ _ _ _ _ _ _

which is seen to be essentially equation 6.• Thus it has been demon-
strated that this equation applies to lair—pulse_density cases, in a
statistical average sense, as well as to high—pu lse-density cases.

This proposition has been proved rigorously here only for thecase where 20~ • (n t 1)49. It is also tru, for ‘integration angles’that ar e not integral sultiplea OZ 410, but it was felt that the ad-
ditiona]. proof would not be of sufficient valme to the reader to ju stify
its inclusion.
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